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Introduction

Enzymes are central to biochemical processes occurring in
live cells, and are extraordinary biological catalysts. An
enzyme can accelerate the rate of biochemical reactions by
many orders of magnitude,[1] but is left unchanged at the
end of the reaction, and, therefore, leaves the equilibria un-

altered. It binds a specific reactant, called a substrate, and
facilitates its reaction by stabilizing its transition state, lead-
ing to its product. A powerful strategy to studying the mech-
anism of an enzyme-catalyzed reaction is to determine the
rate of the reaction and how it changes in response to
changes in experimental parameters.[2] Such a kinetic study
is the traditional approach to understanding enzyme mecha-
nisms and remains one of the most important.[3–6]

Enzyme kinetics is usually described by the reversible Mi-
chaelis–Menten (MM) scheme (Scheme 1).[7–9] The resulting
MM equation shows hyperbolic dependence on substrate
and product concentrations. The kinetics and thermodynam-
ics revealed by this simple scheme are straightforward and
well understood.
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However, recent single-molecule enzymatic assays have
revealed a surprisingly dynamic property of enzyme mole-
cules, which is usually hidden in the conventional ensemble
measurements—during catalysis, enzyme molecules fluctu-
ate at both the conformation[10–15] and chemical-activity
levels[16–24] over broadly distributed enzymatically relevant
time scales ranging from 10�5 to 100 seconds. These dynamic
fluctuations in conformation and catalytic activity could
either arise from thermal fluctuations[12–15] or substrate-in-
duced conformational motions.[25] The broad range of
enzyme systems that these observations have been made on
suggests the generality of the concept of fluctuating en-
zymes. Apparently, this concept was not explicitly included
in the classic MM scheme, which serves as the theoretical
motivation of the present study.

The strong motivation on the enzymology side comes
from accumulated experimental observations on many mon-
omeric enzyme systems (summarized in Refs. [50–64]).
These systems have been measured to display distinct non-
MM kinetics, such as positive and negative cooperativity
and substrate inhibition. They are all monomeric in function,
which excludes the interpretation of classic Monod–
Wyman–Changeux (MWC) and Koshland–Nemethy–Filmer
(KNF) models that require multiple subunits or binding
sites. The exact responsible mechanisms are not clear yet
and still under debate in the literature. It was hypothesized
that the fluctuating enzyme notion we investigate in this
paper could contribute to the observed but unexplained
non-MM kinetics of monomeric enzymes.

The goal of this paper is to first develop a minimal
scheme for fluctuating enzymes and then analytically dissect
all the possible kinetic behaviors. We begin with descriptions
of the classic reversible MM kinetics, and then investigate
the enzyme kinetics of the minimal kinetic scheme. Detailed
complex kinetic behaviors, a unified description of a two-di-
mensional phase diagram, and the product induced phase
transitions are then provided analytically, accompanied by
concrete numerical examples. We end with a brief summary
on the implications and lessons learnt from this minimal
model of fluctuating enzymes.

Results and Discussions

Classic Reversible Michaelis–Menten Kinetics

In Scheme 1, the catalysis step is generally reversible when
the enzyme is present in the cellular soup where significant
amounts of both substrates and products exist in vivo, but it
is often treated as irreversible when the mechanism applies
strictly to the initial rate of the reaction in vitro before the
product concentration has become appreciable. In the pres-
ence of both [S] and [P], the net enzyme velocity vnet of the
classic reversible MM scheme has the following form
[Eq. (1)]:[5,6]

vnet ¼
k1k2½S� � k�1k�2½P�

k�1 þ k2 þ k1½S� þ k�2½P�
ð1Þ

When and only when [S] and [P] are in their chemical
equilibrium, nnet is zero, and we have the well-known Hal-
dane relationship [Eq. (2)]:[9]

k1k2

k�1k�2
¼ ½P�
½S�

� �
eq
¼ Keq ð2Þ

in which Keq is the equilibrium constant. The Haldane rela-
tionship means that the enzyme accelerates both the for-
ward and backward reactions, thus would not alter the
chemical equilibrium between substrate and product. If [S]
and [P] are not in equilibrium in general, we define
[Eq. (3)]:

DS � ½S� � ½S�eq ¼ ½S� �
½P�
Keq

ð3Þ

then Equation (1) can be written as Equation (4):

vnet ¼
k2DS

k�1þk2þk�2 ½P�
k1

þ ½P�
Keq

� �
þ DS

ð4Þ

For quantitative purposes it is more useful to linearize
Equation (4). In this paper, we prefer to utilize the Eadie–
Hofstee (EH) plot. It is well know that the EH plot is more
sensitive to the deviation from MM kinetics, particularly be-
cause the EH plot gives equal weight to data points in any
range of substrate concentration or reaction velocity.[6] In
contrast, the Lineweaver–Burke plot unevenly weighs such
points. For the normal EH plot, [P] is zero, and n is plotted
directly as a function of n/[S]. Here we deal with nnet and
non-zero [P], therefore we employ a generalized EH plot
where nnet is plotted as a function of nnet/DS. Equation (4) re-
arranges to a straight line [Eq. (5)]:

vnet ¼ k2 �K½P�M ðvnet=DSÞ ð5Þ

The negative slope of which is the new apparent Michaelis
constant K½P�M , which is a first order equation on [P],
[Eq. (6)]:

K½P�M ¼
k�1 þ k2 þ k�2½P�

k1
þ ½P�

Keq
ð6Þ

Therefore, for the classic reversible MM scheme, the only
effect of product concentration is to increase the apparent
Michaelis constant K½P�M , modifying the negative slope of the
straight line in the generalized EH plot. In essence, such an
inhibition effect of product concentration on the overall ki-
netics is similar to that of a competitive inhibitor that only
affects the apparent Michaelis constant but not the turnover
rate k2.

[5,6]
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Minimal Kinetic Scheme of Fluctuating Enzymes

Motivated by recent single-molecule experimental observa-
tions of enzyme conformation and catalytic ac-
tivity fluctuations[10–24] over broadly distributed
time scales, we introduce Scheme 2, which is
the minimal kinetic scheme of fluctuating en-
zymes. In contrast to the classic reversible MM
Scheme 1, in which both the free enzyme E
and enzyme-substrate complex ES are well-de-
fined non-fluctuating states, Scheme 2 has two
E states and two ES states with different cata-
lytic activities, interconnected through protein
conformational dynamics. Note that the con-
formational dynamics occurring between ES1

and ES2, whose rate constants are denoted as
b12 and b21, could either be spontaneous ther-
mal motion[12–15] or be functionally important induced by
substrate (or product) binding.[25]

In Scheme 2, the rate constants cannot be arbitrary. First,
the Haldane relation Equation (2) applies for both channels
[Eq. (7)]:

k11k21

k�11k�21
¼ k12k22

k�12k�22
¼ Keq ð7Þ

Second, both the substrate binding/dissoci-
ation loop (the left loop in Scheme 2) and
product binding/dissociation loop (the right
loop in Scheme 2) follow the fundamental
detailed balance condition which is the con-
sequence of microscopic reversibility of the
underlying mechanics [Eq. (8)]:[26,27]

k11b21k�12a12

k�11b12k12a21
¼ k�21b21k22a12

k21b12k�22a21
¼ 1 ð8Þ

Focusing on the kinetic transitions among
4 different states of the enzyme, Scheme 2
can be simplified to Scheme 3, according to
the property of pseudo-first-order kinetics of
substrate or product binding. This is equiva-

lent to the con-
ventional ensem-
ble steady-state
approximation in
which the sub-
strate and product
concentrations are
treated to be

time-independent approximately. The solution of the steady-
state probability Pss of Scheme 3 (same as Scheme 2) can be
solved by the standard eigenvector approach [Eq. (9)]:

Pss
E1
¼ 1

S

�
b12ðk12½S� þ k�22½P�Þðk�11 þ k21Þ þ b12a12ðk�11 þ k21Þ

þa12ðk�11 þ k21Þðk�12 þ k22Þ þ a12b21ðk�12 þ k22ÞÞ

Pss
E2
¼ 1

S

�
b21ðk11½S� þ k�21½P�Þðk�12 þ k22Þ þ b21a21ðk�12 þ k22Þ

þa21ðk�11 þ k21Þðk�12 þ k22Þ þ a21b12ðk�11 þ k21ÞÞ

Pss
ES1
¼ 1

S

a12ðk11½S� þ k�21½P�Þðk�12 þ k22Þ þ b12a12ðk11½S� þ k�21½P�Þ
þb12ðk11½S� þ k�21½P�Þðk12½S� þ k�22½P�Þ þ a21b12ðk12½S� þ k�22½P�Þ

 !

Pss
ES2
¼ 1

S

a21ðk12½S� þ k�22½P�Þðk�11 þ k21Þ þ b21a21ðk12½S� þ k�22½P�Þ
þb21ðk11½S� þ k�21½P�Þðk12½S� þ k�22½P�Þ þ a12b21ðk11½S� þ k�21½P�Þ

 !

ð9Þ

in which S is the normalization factor satisfying
Pss

E1
þ Pss

E2
þ Pss

ES1
þ Pss

ES2
¼ 1.

The net enzyme velocity nnet is related to the steady-state
probabilities of ES1, ES2, E1, and E2 through the following
relation [Eq. (10)]:

vnet ¼ Pss
ES1
� k21 þ Pss

ES2
� k22 � Pss

E1
� k�21½P� � Pss

E2
� k�22½P�

¼ A½S�2 þ B½S�½P� þ C½P�2 þD½S� þ E½P�
F½S�2 þG½S�½P� þH½P�2 þ I½S� þ J½P� þK

ð10Þ

In which [Eq. (11)]:

A ¼ k11k12ðb12k21 þ b21k22Þ
B ¼ b12k21k11k�22 þ b21k22k12k�21 � b12k�21k�11k12 � b21k�22k�12k11

C ¼ �k�21k�22ðb12k�11 þ b21k�12Þ
D ¼ a12k21k11k�12 þ a12k21k11k22 þ a21k22k12k�11 þ a21k22k12k21

þa12b12k21k11 þ a21b12k21k12 þ a21b21k22k12 þ a12b21k22k11

E ¼ �
a12k�21k�11k�12 þ a12k�21k�11k22 þ a21k�22k�11k�12 þ a21k�22k21k�12þ
a12b12k�21k�11 þ a21b12k�22k�11 þ a21b21k�22k�12 þ a12b21k�21k�12

 !

F ¼ k11k12ðb12 þ b21Þ
G ¼ ðb12 þ b21Þðk11k�22 þ k12k�21Þ
H ¼ k�21k�22ðb12 þ b21Þ
I ¼ ðb12 þ a21Þk12ðk�11 þ k21Þ þ ðb21 þ a12Þk11ðk�12 þ k22Þþ
ðb12 þ b21Þða12k11 þ a21k12Þ
J ¼ ðb12 þ a21Þk�22ðk�11 þ k21Þ þ ðb21 þ a12Þk�21ðk�12 þ k22Þþ
ðb12 þ b21Þða12k�21 þ a21k�22Þ
K ¼ ða12 þ a21Þ ðk�12 þ k22Þðk�11 þ k21Þ þ b21ðk�12 þ k22Þ þ b12ðk�11 þ k21Þ½ �

ð11Þ

Note that among above parameters A–K, C and E are
always negative, the sign of B depends on the kinetic param-
eters, and the rest are always positive.

Scheme 2. Reversible Michaelis–Menten kinetics of fluctuating enzymes.

Scheme 3. Kinetic transition
of fluctuating enzymes.
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Phase Diagram of the Complex Kinetics of Fluctuating
Enzymes

One can see two general features about the kinetics de-
scribed by Equation (10). First, the dependence on substrate
or product concentrations is generally non-Michaelis–
Menten. Several recent theoretical studies have worked out
a few special conditions (e.g., quasi-static condition, quasi-
equilibrium condition, and so forth) under which the hyper-
bolic MM kinetics still holds for fluctuating enzymes.[28-31]

Here in the present paper, however, we will explore the
whole “phase space” of the kinetic behavior. Second, the
functional dependence of Equation (10) on substrate con-
centration and product concentration is the same. Such sym-
metry between substrate and product can be regarded as a
generalization of the classic Haldane relation.

Generalized EH Plot for Fluctuating Enzymes

As we have done in Equation (5) for Scheme 1, we now try
to build a generalized EH plot for Schemes 2 and 3. Replac-
ing [S] with DS+ ([P]/Keq]) as in Equation (3), we can sim-
plify the numerator and re-write the denominator of Equa-
tion (10) by repetitively applying the Haldane relation,
Equation (7), and detailed balance condition, Equation (8),
to get Equations (12) and (13):

A½S�2 þ B½S�½P� þ C½P�2 þD½S� þ E½P� ¼
ADS2 þ 2Að½P�=KeqÞ þ B½P� þD

� �
DS

ð12Þ

F½S�2 þG½S�½P� þH½P�2 þ I½S� þ J½P� þK

¼ FDS2 þ 2Fð½P�=KeqÞ þG½P� þ I
� �

DS

þ Fð½P�=KeqÞ2 þG½P�2=Keq þH½P�2 þ Ið½P�=KeqÞ þ J½P� þK
� �

ð13Þ

As in Equation (5), to construct the generalized EH plot
for fluctuating enzyme, we first define the Y and X axes of
the generalized EH plot, [Eq. (14)]:

Y � vnet ¼
c½P�1 DS2 þ c½P�2 DS

c½P�3 DS2 þ c½P�4 DSþ c½P�5

X � vnet

DS
¼ c½P�1 DSþ c½P�2

c½P�3 DS2 þ c½P�4 DSþ c½P�5

ð14Þ

in which the coefficients c½P�i are dependent on [P] in gener-
al. Comparing with Equation (12), one can have the explicit
expressions [Eq. (15)]:

c½P�1 ¼ A

c½P�2 ¼
2A
Keq
þ B

� �
½P� þD

c½P�3 ¼ F

c½P�4 ¼
2F
Keq
þG

� �
½P� þ I

c½P�5 ¼
F

K2
eq
þ G

Keq
þH

� �
½P�2 þ I

Keq
þ J

� �
½P� þK

ð15Þ

Based on the explicit expressions from A to K in Equa-
tion (11), we note that all these five c½P�i are always positive,
for all non-negative [P]. This property will be used later.
The parametric forms of Equation (14) indicates that the Y–
X curve satisfy the following bivariate quadratic form in
generalized EH plot [Eq. (16)]:

c½P�3 Y2 þ c½P�4 XY þ c½P�5 X2 � c½P�1 Y � c½P�2 X ¼ 0 ð16Þ

The equation can result in an ellipsoidal, hyperbolic, or
parabolic relation, depending on the specific c½P�i parameters.

Key Parameters T[P] and R[P] for Phase Diagram of Complex
Kinetics

Recall that in Equation (5), the negative slope of the gener-
alized EH plot is the apparent Michaelis constant. However,
the complication for Equation (14) is that the slope of the
generalized EH plot (Y–X curve) is not a constant. So, we
first compute the negative slopes of the Y–X curve at small
DS and large DS limits [Eq. (17)]:

� dY
dX
¼ � c1DS2 þ c2DS

c3DS2 þ c4DSþ c5

� �0	 c1DSþ c2

c3DS2 þ c4DSþ c5

� �0

ð17Þ

The �dY/dX!c2c5/(c2c4�c1c5) applies when DS!0, and
applies �dY/dX!(c1c4�c2c3)/c1c3 when DS!1.

Based on the sign and the relative amplitudes of the
above two apparent Michaelis constants at two limits, we
now introduce two key parameters T[P] and R[P] in this paper
[Eq. (18)]:

T ½P� � c½P�1 c½P�4 � c½P�2 c½P�3 , R½P� � c½P�1 ðc
½P�
2 c½P�4 � c½P�1 c½P�5 Þ

c½P�2

� �2
c½P�3

ð18Þ

Since all five c½P�i are always positive, one can verify that
1) T[P] gives the sign of the negative slope of the Y–X curve
when DS!1, 2) R[P] gives the sign of the negative slope of
the Y–X curve when DS!0, and 3) when both T[P] and R[P]

are positive, R[P] =1 means the above two slopes are identi-
cal.
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Graphical and Numerical
Features of the Phase Diagram

We show in Table 1 and
Figure 1 that distinct non-MM
phase regions can be classified
by the combinations of T[P] and
R[P] parameters, as denoted as
phase SI (substrate inhibition),
SM (sigmoidal), CVB (convex
biphasic), and CCB (concave
biphasic). The classic MM ki-
netics are restored when R[P] =

1 and T[P]>0.
Before we investigate the im-

plications of the phase regions
in enzymology, we first provide
typical numerical examples of
the above four situations. All
the kinetic parameters k11, k�11,
k21, k�21, k12, k�12, k22, k�22, a12,
a21, b12, b21 in Scheme 2 are
randomly generated under the
constraints of the Haldane rela-
tion, Equation (7), and detailed
balance, Equation (8). For the
sake of simplicity, we choose
[P]= 0 and Keq ¼ 1. The ran-
domly generated kinetic param-
eters, as well as the resulting T
and R parameters, are tabulated
in Table 2. The results are relatively robust. In order for
better illustration, we employ three different plots: the con-

ventional Michaelis–Menten plot (Y is plotted as a function
of DS), the generalized EH plot (Y is plotted as a function
of X) and the empirical Hill plot (discussed in the follow-
ing), as depicted in Figures 2–5.

For the empirical Hill plot, Y= maxðYÞ � Yð Þ, in which
max(Y) is the maximum value of net velocity Y, is plotted as
a function of DS in the log–log manner.[32-39] In the case of
classic MM kinetics shown in Equations (4) and (5),
Y ¼ k2DS

.
K½P�M þ DS
� �

, thus, the slope of the curve, which
is defined as the Hill coefficient, is unity. As a consequence,
the non-unity Hill coefficient is widely used as an index of
cooperativity, the degree of cooperativity being considered
to increase as the coefficient increases: a Hill coefficient
being greater than unity means positive cooperativity,
whereas being smaller than unity means negative coopera-
tivity.

Enzymological Meanings of the Phase Diagram of the
Kinetics

In this section we will rigorously demonstrate the enzymo-
logical meanings of the various complex kinetic phases, and
the connection to corresponding regimes in the phase dia-
gram.

Table 1. Properties of phase regions of non-MM kinetics.

Michaelis–Menten Substrate inhibition Sigmoidal Convex biphasic Concave biphasic
Phase MM SI SM CVB CCB

T T>0 T<0 T>0 T>0 T>0
R 1 0<R<1 R<0 0<R<1 R>1

<0 <0 >0 <0 <0

Hill coefficient 1 >1[a] ACHTUNGTRENNUNG(1, 2) ACHTUNGTRENNUNG(1, 2) ACHTUNGTRENNUNG(0, 1)
cooperativity non positive[a] positive positive negative

[a] We discuss the cooperativity behavior for SI phase only in the condition that the substrate inhibition has
not occurred yet in the experimental range of substrate concentration.

Figure 1. Phase diagram of the kinetics of fluctuating enzymes. Distinct
non-MM kinetics of Scheme 2 can be classified by the combinations of
T ½P� and R½P� defined in Equation (18): phase substrate inhibition (SI), sig-
moidal (SM), convex biphasic (CVB) and concave biphasic (CCB). The
classic MM kinetics holds when R½P� ¼ 1 and T ½P� > 0. Two forbidden re-
gions are illustrated: 1) the region of T ½P� < 0 and R½P� > 1; 2) the region
of T ½P� < 0 and R½P� < 0. Functionally, SI, SM, and CVB exhibit positive
cooperativity, whereas CCB displays negative cooperativity. Obviously,
MM kinetics corresponds to non-cooperativity.

Table 2. Kinetic parameters of phase regions of non-MM kinetics.

Figure 2 Figure 3 Figure 4 Figure 5
Substrate inhibition Sigmoidal Convex biphasic Concave biphasic

k11 959.4425 1.1092e+003 341.6867 6.4836e+003
k21 252.0431 860.1140 34.3467 623.0118
k<M->11 1.4833 25.6113 99.3434 1.6197e+004
k<M->21 1.6303e+005 3.7252e+004 118.1338 249.3855
k12 324.7520 6.1036 7.1054e+003 20.7018
k22 3.7775e+003 1.9645 1.2928e+003 3.4229e+003
k<M->12 1.5572e+003 461.4864 14.6513 2.5389
k<M->22 787.8102 0.0260 6.2698e+005 2.7910e+004
a12 1.3679 1.0772 1.9102e+003 1.5685e+003
a21 36.5748 186.3525 307.7835 157.6521
b12 13.8399 307.1485 262.7799 5.0252e+003
b21 0.1193 16.2263 5.9700e+003 1.0288e+004
T �8.0018 5.0142 0.2468 124.7403
R 0.1531 �148.6055 0.3793 2.5351
[P] 0 0 0 0
Keq 1 1 1 1
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Phase Substrate Inhibition (SI)

Let us first prove that Phase SI (T[P]<0) corresponds to
excess substrate inhibition. Based on Equation (14), we can
calculate Equations (19):

dY
dðDSÞ ¼

ðc1c4 � c2c3ÞDS2 þ 2c1c5DSþ c2c5

c3DS2 þ c4DSþ c5ð Þ2
ð19Þ

Since all five c½P�i are always positive, it is clear from Equa-
tion (19) that when and only when T ¼ c1c4 � c2c3 < 0,
dY=dðDSÞ can be zero or negative for a certain range of DS.
Such a negative value of dY=dðDSÞ certainly reflects the
phenomenon of excess substrate inhibition.

We note that the above mechanism for substrate inhibi-
tion is very different from the one discussed in most text-
books and in the literature. In the textbook kinetic
scheme,[6] when substrate concentration is sufficiently high,

two (or more) substrate molecules are assumed to bind to
the enzyme active site in the same place at the same time,
interfere with each other, and de-activate the whole ESS
complex. However, in Scheme 2, there is at most one sub-
strate molecule bound within the active site at any given in-
stant. Therefore, it will be worthwhile noting this new mech-
anism of substrate inhibition and discriminating it from the
conventional textbook model.

Positive Cooperativity (Phase SM and CVB) and Negative
Cooperativity (Phase CCB)

We now prove that Phase SM and CVB correspond to posi-
tive cooperativity, and Phase CCB corresponds to negative
cooperativity, by computing the well-adopted Hill coeffi-
cient. Note that Phase SM, CVB, and CCB are all under
T[P]>0, thus, no substrate inhibition exists, and
MaxðYÞ ¼ c1=c3 is the asymptote value when DS!1. Sub-

Figure 2. Plots showing substrate inhibition. Figure 3. Plots showing a sigmoidal relationship.
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stituting Equation (14) into Y= maxðYÞ � Yð Þ of the Hill
plot, we have Equation (20)

log Y= maxðYÞ � Yð Þð Þ ¼

logDSþ log
DSþ ðc2=c1Þ

DSþ ½c1c5=ðc1c4 � c2c3Þ�

þlog
c1c3

c1c4 � c2c3

ð20Þ

For Phase SM and CVB, R½P� < 1 and T[P]>0, which is
equivalent to 0 < c2=c1 < c1c5=ðc1c4 � c2c3Þ. For Phase CCB,
R½P� > 1 and T[P]>0, which is equivalent to
c2=c1 > c1c5=ðc1c4 � c2c3Þ > 0.

The second term in the right side of Equation (20) in-
creases with DS increasing when
0 < c2=c1 < c1c5=ðc1c4 � c2c3Þ, whereas it decreases with DS
increasing when c2=c1 > c1c5=ðc1c4 � c2c3Þ > 0. Moreover,
for the former case, it can be shown that the Hill coefficient

(the slope of log Y= maxðYÞ � Yð Þð Þ vs logDS) is bound
within (1, 2), which by convention corresponds to the posi-
tive cooperativity. The upper bound of 2 for Hill coefficient
arises from the highest order dependence on substrate and
product concentrations being quadratic in this minimal
model. For the latter case, the Hill coefficient is bound
within (0, 1), which corresponds to the negative cooperativi-
ty. Therefore, the R[P] parameter is indeed an indicator for
positive/non/negative cooperativity.

Positive Cooperativity and Sigmoidal (Phase SM and CVB)

Although it is clear that Phase SM and CVB both corre-
spond to positive cooperativity (owing to R½P� < 1), they still
have different R parameters: R½P� < 0 in Phase SM, and
R½P� > 0 in Phase CVB. The distinction can be illustrated by
computing the second derivative of the Y versus DS function
when DS! 0, [Eq. (21)]:

Figure 4. Plots showing a convex biphasic relationship. Figure 5. Plots showing a concave biphasic relationship.
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d2Y
dðDSÞ2
� �

DS!0

¼ 2ðc1c5 � c2c4Þ
c2

5

ð21Þ

Clearly, R½P� < 0 in Phase SM indicates a positive second
derivative, meaning that in the conventional Michaelis–
Menten plot the curve is concave up at small DS. Such a
graphical feature, exhibited by the numerical example in
Figure 3, is typical of the “sigmoidal”ACHTUNGTRENNUNG(S-shaped) kinetics.

The difference between Phase SM and CVB also high-
lights an interesting point which has not been well appreci-
ated in the enzymology literature. Not all the positive coop-
erativity kinetics are sigmoidal. For example, Phase CVB
exhibits positive cooperativity but it is not sigmoidal in
shape. These two terms are defined for different purposes.
In other words, sigmoidal kinetics are a sufficient but not
necessary condition for positive cooperativity.

Positive Cooperativity for Substrate Inhibition (Phase SI)

Now we discuss the cooperativity behavior associated with
substrate inhibition (Phase SI), although these two topics
are usually not analyzed together in the current literature.
This is indeed a subtle point. On one hand, such non-corre-
lation between substrate inhibition and cooperativity is justi-
fiable because log Y= maxðYÞ � Yð Þð Þ in the Hill plot is un-
bounded if substrate inhibition occurs (because of the van-
ishing denominator in the course). On the other hand, prac-
tically, the first half portion of the Hill plot can be approxi-
mately constructed if substrate inhibition has not occurred
yet in the experimental range of substrate concentration,
with maxðYÞ chosen to be the asymptote enzyme velocity
before the inhibition takes over. In this practical scenario,
the Hill coefficient would be greater than one. This is be-
cause R½P� < 1 if T[P]<0, and R½P� < 1 means positive cooper-
ativity. This phenomenon is illustrated in Figure 2.

Forbidden Regions in the Phase Diagram

Besides the permissible phases discussed above, there are
two distinct forbidden regions in the phase diagram
(Figure 1): 1) the region of T[P]<0 and R½P� > 1 implies that
negative cooperativity and substrate inhibition cannot co-
exist; 2) the region of T[P]<0 and R½P� < 0 implies that sig-
moidal and substrate inhibition contradict with each other
in our minimal model.

The first forbidden region of T[P]<0 and R½P� > 1 can be
easily demonstrated by the fact that R½P� < 1 if T[P]<0,
based on Equation (18). However, the conjecture of the
second forbidden region of T[P]<0 and R½P� < 0 is more diffi-
cult to prove, since it involves detailed functional depend-
ence of c½P�i on parameters A through K in Equation (11).
Fortunately, one can easily test
the claims about these two for-
bidden regions numerically. Mil-
lions of groups of k11, k�11, k21,
k�21, k12, k�12, k22, k�22, a12, a21,
b12, b21 (consistent with the constraint of the Haldane rela-
tion and detailed balance) are generated randomly, the cor-

responding T[P] and R½P� parameters are calculated, and none
of them shows up in the forbidden regions.

The above cooperativity phenomenon (except substrate
inhibition) for enzymes with a single binding site has been
loosely termed as “kinetic cooperativity” according to a
number of researchers,[32–38] to discriminate it from the clas-
sic MWC (concerted) and KNF (sequential) models for the
equilibrium binding curves of multi-subunit enzymes.[2–6, 39]

But these earlier studies [32–38] were somewhat less compre-
hensive and quantitative. Especially, the different behaviors
of non-MM kinetics were not treated in a unified frame-
work.

Product Induced Phase Transition of the Enzyme Kinetics

In this section, we elaborate on an interesting but unex-
plored phenomenon: non-MM behaviors could undergo
transitions among different kinetic phases induced by vary-
ing product concentrations.

Such a transition may be regarded as the manifestation of
modification of the steady-state probabilities of ES1, ES2,
E1, and E2 owing to changes of product concentration in a
nonlinear manner. To the contrast, recall that in the classic
MM scheme, the only effect of ½P� is to modify the apparent
K½P�M linearly through Equation (5).

Plugging the explicit ½P� dependence of c½P�i into the T[P]

parameter in Equation (18), then we have Equation (22):

T ½P� ¼ ðAG� BFÞ½P� þ ðAI �DFÞ ð22Þ

From Equation (11), it is easy to prove that AG� BF is
always positive. Therefore, T[P] is a monotonic increasing
function of ½P�. Such a linear dependence of T[P] on ½P� has
an interesting effect on substrate inhibition. With ½P�being
sufficiently high and greater than a critical value ½P�C,
[Eq. (23)]:

½P�C ¼
DF �AI
AG� BF

ð23Þ

T[P] would change its sign from negative to positive, sug-
gesting that this enzyme-substrate-product system exhibit a
transition escaping from Phase SI. Apparently, ½P�C is nega-
tive if AI �DF > 0, showing that there is no substrate inhibi-
tion at any non-negative ½P�. This is equivalent to T[P]>0.

The explicit ½P� dependence of the R[P] parameter is more
complicated than that of the T[P] parameter, as shown in the
following Equation (24)

R½P� ¼ A
F

3AF
K2

eq
þ AGþ2BF

Keq
þ BG�AH

� �
½P�2 þ 2DFþAI

Keq
þDGþ BI �AJ

� �
½P� þ DI �AKð Þ

2A
Keq
þ B

� �2
½P�2 þ 2D 2A

Keq
þ B

� �
½P� þD2

ð24Þ

This tells us that the cooperativity behavior of the
enzyme, i.e., whether it is positive, negative, or non-coopera-
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tive, is changing with the varying product concentration in a
very complicated way.

To illustrate the phenomenon of product induced phase
evolution and phase transition, we now take the kinetic pa-
rameters of substrate inhibition in Figure 2 as an example.
In the case of Figure 2, ½P� ¼ 0, and the associated
T ¼ �8:0018, R ¼ 0:1531. As shown in Figure 6 a, when
[P]is increasing from zero, T[P] and R[P] evolve obeying

Equations (22) and (24), respectively. Figure 6 b depicts a
finer path of the phase evolution and transitions of Figur-
e 6 a. The phase point starts from substrate inhibition,
crosses the boundary of T[P] =0 and becomes positive coop-
erativity (convex biphasic), and then passes through the Mi-
chaelis–Menten line and ends up with negative cooperativity
(concave biphasic).

Such a phenomenon of product concentration dependent
kinetics could have implications to enzyme functions in
living cells, considering the fact that most knowledge on
enzyme kinetics is obtained in vitro in the absence of prod-
ucts, whereas the actual enzymes always perform functions
in the presence of products in vivo.

Conclusions

As systematically analyzed in this study, the fluctuating
enzyme with only two conformational channels can display
surprisingly complex and versatile kinetic behaviors
(phases) including substrate inhibition (SI), sigmoidal kinet-
ics (SM), convex biphasic (CVB), and concave biphasic
(CCB). By calculating the corresponding Hill coefficients,
we prove that the first three phases exhibit positive coopera-

tivity, whereas the last one shows negative cooperativity.
The lesson from such a minimal model is that, all these
seemingly unrelated kinetic phases are actually interrelated
and can be adequately described by a unified two-dimen-
sional phase diagram parameterized by T[P] and R[P] . These
complex kinetics are produced by fluctuating enzymes with
a single binding site, which is fundamentally different from
the classic MWC and KNF models for equilibrium binding
of multi subunit enzymes.

Refs. [50–64] list ten recent experimental enzyme systems
which have been measured to display distinct non-MM ki-
netics including SI, SM, CVB, and CCB. Since the enzymes
are all monomeric in function, the classic MWC and KNF
models are not applicable. Therefore, the fluctuating
enzyme notion might be responsible for some of the ob-
served non-MM kinetics.

In the perspective of dynamic disorder and dispersed ki-
netics for enzyme catalysis, one often adopts multiple con-
crete states or a continuum model for conformational diffu-
sion.[28–31] However, such a general treatment either includes
too many parameters of rate constants (for the multiple con-
crete states)[28] or contains unknown functional form of the
coordinate dependent rate constants (in the continuum
model for conformational diffusion),[29–31] which makes the
thorough evaluation of the complex kinetics difficult. Re-
cently, models based on two-dimensional reaction free
energy surface [40–41] and non-equilibrium steady states [42–46]

have been developed to account for kinetic cooperativity,
but again involve many parameters and detailed knowledge
on free energy surfaces. We also note that several theoreti-
cal studies have been recently performed along the line of
Kramers� escape model with power-law friction kernel in-
stead of the conventional fast-decaying friction kernel.[47–49]

As minimal as it can be, Scheme 2 allows one to unite and
understand the whole phase–space kinetic behaviors with
reasonable computational complexity. Such a two channel
scheme represents the lowest-order generalization of the
classic MM scheme, by only including the quadratic depend-
ence of substrate and product concentrations.

As a prediction of this paper, these non-MM behaviors
depend intrinsically on the product concentration owing to
the underlying Haldane symmetry between the substrate
and product, and could undergo transitions among different
kinetic phases induced by varying product concentrations.
We believe such an effect of product has implications to the
understanding of enzyme kinetics in living cells. On one
hand, almost all the kinetic parameters and properties of en-
zymes are characterized in vitro through the initial rate
measurement (e.g., stopped flow) in which the product con-
centration is negligible. On the other hand, the product mol-
ecules are certainly non-zero in the cellular environment in
vivo. Therefore, according to our observation, the actual ki-
netic phases that enzymes occupy in vivo might be different
from what they are measured in vitro in the absence of
product. This can be tested by performing the net rate mea-
surement in the presence of both substrate and product pre-
mixed with an appropriate ratio.

Figure 6. Product induced kinetic phase evolution and phase transition.
The phase starts from SI in which ½P� ¼ 0, T ¼ �8:0018, R ¼ 0:1531.
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